We give necessary and sufficient conditions for uniform exponential dichotomy of evolution families in terms of the admissibility of the pair (L p (R,X),L q (R,X)). We show that the admissibility of the pair (L p (R,X),L q (R,X)) is equivalent to the uniform exponential dichotomy of an evolution family if and only if p ≥ q. As applications we obtain characterizations for uniform exponential dichotomy of semigroups.
Introduction
Exponential dichotomy is one of the most important asymptotic properties of evolution equations (see [1-5, 7-10, 12, 15, 19-25] ). In the last few years new concepts of exponential dichotomy have been introduced and characterized, using discrete and continuoustime methods.
Integral equations have proved to be significant tools in the study of the asymptotic behaviour of C 0 -semigroups, evolution families, and linear skew-product flows, respectively (see [7-10, 19-21, 23, 24] ). For an evolution family ᐁ = {U(t, s)} t,s∈J,t≥s , one considered the integral equation
f (t) = U(t,s) f (s) + t s U(t,τ)v(τ)dτ, t ≥ s, t,s ∈ J,
( E ᐁ )
where J ∈ {R + ,R}. In case J = R + , an important result has been proved by Van Minh et al. [24] and it is given by the following.
2 Exponential dichotomy on the real line Theorem 1.1 has been generalized for the case of evolution families with nonuniform exponential growth in [8] . There we have proved that in the nonuniform case, the solvability in C 0 (R + ,X) of ( E ᐁ ) implies the nonuniform exponential dichotomy of the evolution family ᐁ = {U(t, s)} t≥s≥0 . The discrete-time version of Theorem 1.1 has been obtained in [9] for the case of discrete and continuous evolution families. Characterizations for uniform exponential dichotomy of evolution families on the half-line with L p -spaces were obtained in [19, 23] .
For the case J = R, a significant result has been obtained by Latushkin et al. [7] , as shown in the following. Theorem 1.2. Let ᐁ = {U(t, s)} t≥s be an evolution family such that for every x ∈ X the mapping (t,s) → U(t,s)x is continuous, and let Ᏺ(R,X) be one of the spaces C b (R,X), C 0 (R,X) or L p (R,X), (p ∈ [1,∞)). Then, ᐁ is uniformly exponentially dichotomic if and only if for every v ∈ Ᏺ(R,X) there is a unique f ∈ Ᏺ(R,X) such that the pair ( f ,v) verifies ( E ᐁ ).
The main tool in [7] was the use of the evolution semigroup associated to ᐁ. Theorem 1.2 has been generalized in [10] , where pointwise and global exponential dichotomy of a linear skew-product flow π = (Φ,σ) is expressed in terms of the unique solvability in C 0 (R,X) of an associated integral equation:
The purpose of the present paper is to give general characterizations for uniform exponential dichotomy of evolution families on the real line. The proofs are direct, the methods being based on input-output techniques, on the use of some specific operators associated to the integral equation ( E ᐁ ), and on the properties of certain subspaces related to the evolution family. We will obtain that the admissibility of the pair (L p (R,X),L q (R,X)), with p, q ∈ [1,∞), is a sufficient condition for uniform exponential dichotomy of evolution families, and it becomes necessary for p ≥ q.
Finally, we apply our results in order to obtain necessary and sufficient conditions for uniform exponential dichotomy of a C 0 -semigroup in terms of the unique solvability of an integral equation associated to it.
Evolution families
Let X be a real or complex Banach space. The norm on X and on Ꮾ(X), the Banach algebra of all bounded linear operators on X, will be denoted by · . Proof. This is a simple exercise.
Let ᐁ = {U(t, s)} t≥s be an evolution family on X and let p ∈ [1,∞). For every t 0 ∈ R, we consider the linear subspace
We denote by Ᏺ ᐁ (t 0 ) the set of all functions ϕ : R − → X with the property that ϕ(t) = U(t + t 0 ,s + t 0 )ϕ(s), for all s ≤ t ≤ 0.
For every t 0 ∈ R, we denote by X 2 (t 0 ) the linear space of all x ∈ X with the property that there is a function ϕ x ∈ Ᏺ ᐁ (t 0 ) such that ϕ x (0) = x and
Proof. This is immediate. Proposition 2.6. If the evolution family ᐁ = {U(t, s)} t≥s is uniformly exponentially dichotomic relative to the family of projections {P(t)} t∈R , then X 1 (t 0 ) = Im P(t 0 ) and X 2 (t 0 ) = Ker P(t 0 ), for every t 0 ∈ R.
Proof. Let M ≥ 1, ω > 0 be given by Definition 2.1 and let K ≥ 1, ν > 0 be given by Definition 2.2. Let t 0 ∈ R.
It is easy to see that Im
it follows that
This implies that q x := sup t≥t0 U(t,t 0 )x < ∞. Then from
we obtain that x ∈ Im P(t 0 ).
, and
Then from
it follows that P(t 0 )x = 0, so x ∈ Ker P(t 0 ).
Remark 2.7.
If an evolution family ᐁ = {U(t, s)} t≥s is uniformly exponentially dichotomic with respect to a family of projections, then according to the above result this family of projections is uniquely determined.
Exponential dichotomy and admissibility of the pair
Let X be a Banach space and let Ᏼ(R,X) be the space of all Bochner measurable functions v : R → X, identifying the functions which are equal almost everywhere. For every Adina Luminiţa Sasu 5
is a Banach space with respect to the norm
Let ᐁ = {U(t, s)} t≥s be an evolution family on X and let p, q ∈ [1,∞). We consider the integral equation
with f ∈ L p (R,X) and v ∈ L q (R,X).
) is said to be admissible for the evolution family
If the pair (L p (R,X),L q (R,X)) is admissible for the evolution family ᐁ = {U(t, s)} t≥s , then it makes sense to define the operator
It is easy to see that Γ is linear and it is closed. It follows that Γ is bounded, so there is
Then, it is easy to see that
(ii) Let x ∈ X and let t 0 ∈ R. We consider the function 
From the fact that the pair ( f ,v) verifies (E ᐁ ), it follows that
, and let ϕ y ∈ Ᏺ ᐁ (t 0 ) with ϕ y (0) = y and
Considering the function
we have that h ∈ L p (R,X). It is easy to observe that the pair (h,0) verifies (E ᐁ ). This implies that h = 0. In particular, it follows that y = h(t 0 ) = 0, so, the operator U(t,t 0 ) | :
To prove the surjectivity, let x ∈ X 2 (t). We consider the functions
We observe that v ∈ L q (R,X) and
From (ii) there is y 1 ∈ X 1 (t 0 ) and y 2 ∈ X 2 (t 0 ) such that g(t 0 ) = y 1 + y 2 . Since g(t) = U(t,t 0 )g(t 0 ), we obtain that g(t) = U(t,t 0 )y 1 + U(t,t 0 )y 2 , then x − U(t,t 0 )y 2 = (x − g(t)) + U(t,t 0 )y 1 . From Lemma 2.5 and from (i), we deduce that x − U(t,t 0 )y 2 = 0, so x ∈ U(t,t 0 )X 2 (t 0 Denoting ν = 1/h and taking K = (Me) 2 e 3ωh , we obtain that
If n ∈ {0, 1}, then t − t 0 < 2h. It follows that
is admissible for the evolution family ᐁ = {U(t, s)} t≥s , then there exist K ≥ 1 and ν > 0 such that
Proof. From hypothesis there is γ ≥ 1 such that
We denote h = (γe) p . Let t 0 ∈ R, let x ∈ X 1 (t 0 ) \ {0}, and let t 1 = sup{t ≥ t 0 : U(t,t 0 )x = 0}. We consider the function ϕ : [t 0 ,t 1 ) → X, ϕ(t) = U(t,t 0 )x.
Exponential dichotomy on the real line
If t 1 > t 0 + 2h, for every t ≥ t 0 with t + 2h < t 1 , we consider the functions
We have that v ∈ L q (R,X) and since x ∈ X 1 (t 0 ), it follows that f ∈ L p (R,X). It is easy to see that the pair ( f ,v) verifies (E ᐁ ), so Γv = f . From (3.20) Proof. Let t 0 ∈ R be fixed and let (x n ) ⊂ X 1 (t 0 ) be a sequence convergent to 
We consider the function
there is λ ∈ Ᏺ ᐁ (t 0 − h) with λ(0) = z 1 and
, and the pair ( f ,v) verifies (E ᐁ ). So Γv = f and from (3.38) it follows that f p ≤ γ v q = γh 1/q . In particular, from this inequality, we deduce that
Using analogous arguments as in the proof of Theorem 3.4, we immediately deduce that
Let M, ω be given by Definition 2.1. Applying Lemma 3.6 for α = ϕ , it follows that
where K = M 2 e 3ωh and ν = 1/h. This implies that
which means that
Since K and ν do not depend on t 0 or y, we obtain the conclusion. Proof. Let t 0 ∈ R. If y ∈ X 2 (t 0 ) and ϕ y is a function given by the definition of the space X 2 (t 0 ) with ϕ y (0) = y, then it is easy to see that ϕ y (s) ∈ X 2 (t 0 + s), for all s ≤ 0. Let (x n ) ⊂ X 2 (t 0 ) be a sequence convergent to x ∈ X. For every n ∈ N there is a function ϕ n ∈ Ᏺ ᐁ (t 0 ) such that ϕ n (0) = x n and
for K, ν given by Theorem 3.7, it follows that
Using the fact that (x n ) is fundamental, from (3.50) we obtain that for every s ≤ 0 the sequence (ϕ n (s)) is fundamental, so it is convergent. We denote ϕ(s) := lim n→∞ ϕ n (s), for all s ≤ 0. Hence ϕ(0) = x and ϕ ∈ Ᏺ ᐁ (t 0 ). From (3.50) we deduce that
This implies that x ∈ X 2 (t 0 ) and the proof is complete.
The first main result of this section is given by the following. Theorem 3.9 gives a sufficient condition for the uniform exponential dichotomy of an evolution family. In what follows, we will establish when the uniform exponential dichotomy of an evolution family implies the admissibility of the pair (L p (R,X),L q (R,X)).
Proof. This follows using Hölder's inequality.
Proposition 3.11. Let ᐁ = {U(t, s)} t≥s be an evolution family and let p,
Proof. Let v ∈ L q (R,X). Suppose that there are f , f 1 ∈ L p (R,X) such that the pairs ( f ,v) and ( f 1 ,v) verify (E ᐁ ). Then, we have
. Using the hypothesis, we obtain that f 1 (t 0 ) = f (t 0 ). Since t 0 ∈ R was arbitrary, we deduce that f = f 1 . Proof (Necessity). Let {P(t)} t∈R be the family of projections given by Definition 2.2. For v ∈ L q (R,X) we consider the function From Proposition 2.6, we have that X 1 (t) = Im P(t) and X 2 (t) = Ker P(t), for all t ∈ R. Using Proposition 3.11, we obtain the uniqueness of f . It follows that the pair (L p (R,X), L q (R,X)) is admissible for ᐁ.
Sufficiency. This follows from Theorem 3.9.
Remark 3.13. For the particular case p = q and for evolution families ᐁ = {U(t, s)} t≥s with the property that for every x ∈ X, the mapping (t,s) → U(t,s)x is continuous, the above theorem has been proved by Latushkin et al. [7] . The fact that p = q and the strong continuity of ᐁ were essentially used in their approach, because their method was based on the use of the evolution semigroup associated to ᐁ.
Remark 3.14. Generally, if ᐁ = {U(t, s)} t≥s is uniformly exponentially dichotomic and p, q ∈ [1,∞) with p < q, it does not result that the pair (L p (R,X), L q (R,X)) is admissible for ᐁ. This fact is illustrated by the following example. We have that v ∈ L q (R,R 2 ) \ L p (R,R 2 ). Suppose that the pair (L p (R,R 2 ),L q (R,R 2 )) is admissible for ᐁ. Then, there is f ∈ L p (R,R 2 ) such that the pair ( f ,v) verifies ( E ᐁ ). Let P : R 2 → R 2 , P(x 1 ,x 2 ) = (x 1 ,0). Denoting f 1 = P f and v 1 = Pv, in particular, we obtain that f 1 (t) = e −t f 1 (0) + and v 1 / ∈ L p (R + ,R), we obtain that ϕ / ∈ L p (R + ,R), which is a contradiction. In conclusion, the pair (L p (R,R 2 ),L q (R,R 2 )) is not admissible for ᐁ.
